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Topic 1. The fundamentals of rotor dynamics

A simple conservative single-mass model of rotor
dynamics. Direct synchronous precession. A self-balancing
phenomenon. Equation of a motion for a single-mass model of
the unbalanced rotor. Considering the external friction.
Kinematics of rotating rotor’s precessions. Equation of rotor
dynamics considering the anisotropy of elastic forces. Loss of
dynamic stability. Forced oscillations of a balanced horizontal
rotor. Kinematics of a horizontal rotor. Equation of rotor
dynamics considering the impact of a liquid layer. Influence of
the circulating force. Determination of amplitude and phase
frequency responses. Dynamic stability of a centrifugal pump’s
rotor.

Pr. tr. 1. Dynamic analysis of the conservative
single-mass model

1. The amplitude-frequency response for a single-mass model of
rotor dynamics.

2. Determination of the maximum deflection of a rotor at the
operating frequency.

3. Evaluation of the total dynamic response at the operating
frequency.

The initial data is presented in Table 1.1, where the
following parameters are introduced: d — shaft’s diameter, m;
L — shaft’s length, m; mo — mass of the impeller, kg; no —
operating speed, rpm; p — density, kg/m?; E — Young’s modulus,
N/m?; ¢s — bearing stiffness, N/m.



Table 1.1 — Initial data for Pr. tr. 1

d L, | mo, | no, | »p T
var m kg, rprﬁ kg/}n3 10 10
N/m? | N/m

1 0.015| 0.6 10 | 1500 | 7800 | 2.00 1
2 0.020 | 0.7 15 | 3000 | 7850 | 2.05 2
3 0.025| 0.8 20 | 4500 | 7800 | 2.10 3
4 0.030 | 0.9 25 | 6000 | 7850 | 2.00 4
5 0.035| 1.0 30 | 7500 | 7800 | 2.05 5
6 0.040 | 1.1 35 | 9000 | 7850 | 2.10 1
7 0.045| 1.2 10 | 1050 | 7800 | 2.00 2
8 0.050| 1.3 15 | 1500 | 7850 | 2.05 3
9 0.015| 14 20 | 3000 | 7800 | 2.10 4
10 10020 | 15 25 | 4500 | 7850 | 2.00 5
11 10.025| 0.6 30 | 6000 | 7800 | 2.05 1
12 10.030| 0.7 35 | 7500 | 7850 | 2.10 2
13 |10.035| 0.8 10 | 9000 | 7800 | 2.00 3
14 10.040| 0.9 15 | 1050 | 7850 | 2.05 4
15 |10045| 1.0 20 | 1500 | 7800 | 2.10 5
16 |0.050| 1.1 25 | 3000 | 7850 | 2.00 1
17 10.015| 1.2 30 | 4500 | 7800 | 2.05 2
18 10.020| 1.3 35 | 6000 | 7850 | 2.10 3
19 10.025| 14 10 | 7500 | 7800 | 2.00 4
20 10.030| 15 15 | 9000 | 7850 | 2.05 5

The calculation technique is as follows:

1) the amplitude-frequency response for a single-mass model of
rotor dynamics:
— shaft mass, kg:

mg=p—1L;

nd?

(1.1)



— the equivalent mass of the rotor, kg:

me = my +ms,

— the cross-sectional moment of inertia, m*:

— bending stiffness of the simply-supported shaft, N/m:

Cp =

48EI
L3’

(1.2)

(1.3)

(1.4)

— equivalent stiffness of the system “rotor — bearings”, N/m:

Ce

— eigenfrequency, rad/s:

— critical speed, rpm:

— operating speed, rad/s:

2CpCs |

cp+2cs’

—amplitude-frequency response, m:

Alw) =

mew?e

[ce—mew?|’

7

(1.5)

(1.6)

1.7)

(1.8)

(1.9)



where o — rotational speed, rad/s; e — permissible eccentricity,
m,
2) determination of the maximum deflection of a rotor at the
operating frequency:
—amplitude at the operating speed, m:
__mewie

Ay == (1.10)
3) evaluation of the total dynamic response at the operating
frequency:
— the total dynamic reaction force, N:

RO = Cer. (111)

Pr. tr. 2. Dynamic analysis of a single-mass model considering
external friction

1. Amplitude and phase-frequency responses for a single-mass
model.

2. Determination of the maximum deflection of a rotor at the
critical frequency.

3. Evaluation of the total dynamic response at the critical
frequency.

The initial data is similar to Pr. tr. 1. However, damping
is additionally considered (Table 1.2), where b — dimensionless
damping factor.



Table 1.2 — Additional data for Pr. tr. 2

Var. | 1 2 3 4 5 6 7 8 9 | 10
b 101/02/03|04|05|/06|07|08]09]|1.0
Var. | 11 | 12 | 13 |14 | 15|16 | 17 | 18 | 19 | 20
b 101020304 |05/06|07|08]09]|1.0

The calculation technique is as follows:
1) amplitude and phase-frequency responses for a single-mass
model:
— determination of eigenfrequency by formulas (1.1)—(1.6);
— damping factor, N-s/m:

b = m,we,b; (1.12)

— amplitude-frequency response, m:

A(w) = ——TTewe (1.13)

JCcomeaD 2+ ()2’

— phase-frequency response, rad:
arctg (Ce_linﬁ),if w < Wy;
p(w) = ~if 0 = wy; (1.14)

),ifa)>a)0;

m+ arctg (

Co—Mew?

2) determination of the maximum deflection of a rotor at the
critical frequency, m:

= Vlete (1.15)



3) evaluation of the total dynamic response at the critical
frequency, N:

Rpax = CeAmax- (1-16)

Pr. tr. 3. Dynamic analysis of a single-mass model for a double
rigidity rotor

1. Determination of the critical frequencies of the first kind.

2. Detuning from the resonanse.

3. The dynamic stability conditions for the rotor at the operating
frequency.

4. Determination of the critical frequency of the second kind.

5. Relative and absolute trajectories of the mass center.

The initial data is similar to Pr. tr. 1. However, the
damping factor is additionally considered (Table 1.3), where
Ja — anisotropy factor; dcr — detuning from the resonance.

Table 1.3 — Additional data for Pr. tr. 3

Var. Oa Ocr Var. Oa Ocr
1 0.05 0.25 11 0.25 0.30
2 0.10 0.30 12 0.30 0.35
3 0.15 0.35 13 0.05 0.40
4 0.20 0.40 14 0.10 0.45
5 0.25 0.45 15 0.15 0.50
6 0.30 0.50 16 0.20 0.55
7 0.05 0.55 17 0.25 0.60
8 0.10 0.60 18 0.30 0.65
9 0.15 0.65 19 0.05 0.25
10 0.20 0.25 20 0.10 0.30
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The calculation technique is as follows:
1) determination of the critical frequencies of the first kind:
— calculation of equivalent mass by formulas (1.1)—(1.2);
— calculation of the cross-sectional moment of inertia by formula
(1.3);
— determination of the bending double-rigidity stiffness, N/m:

48EI
Cpy = 3 Cpxe = (1 — 6a)cby; (1.17)

— determination of the equivalent double-rigidity stiffness, N/m:

— 2CbxCs — 2CbySs | (1.18)

C
€X  cpxt2es’ Y cpyt2cs’

— evaluation of the critical frequencies of the 1st kind, rad/s:

p1 = /m— p, = /m—y (1.19)

2) detuning from the resonance:
— operating frequency, rad/s:

wo = (1 = 8¢,)p2; (1.20)

3) the dynamic stability conditions for the rotor at the operating
frequency:
— calculation of following imaginary parameters, rad/s:

(3 +p34207)+ [(p2-p2) +802(p2403)
br = > ;

(1.21)

j—(p%+p§+zw2>—J(p%—p%)2+sw2(p%+p%)
b = ;

2

11



4) determination of the critical frequency of the second kind,
rad/s:

— P1P2 . (1.22)

a)CTZ )
[2(p2+D3)

5) relative and absolute trajectories of the mass center:
— semiaxes of the elliptical trajectory, m:

R e I [ PARCES

where g = 9.81 m/s? — acceleration of gravity;
— geometrical components of the trajectory, m:

4="2r =25, (1.24)

— coordinates of the trajectory, m:

{ x(t) = rsin(Qwyt);

y(t) = 4 —rcos(2w,t). (1.25)

where t — time, s.

Pr. tr. 4. Dynamics of a single-mass model for a centrifugal
pump rotor

1. Determination of the critical frequency.
2. Amplitude and phase-frequency characteristics.
3. The dynamic stability of the centrifugal pump rotor.

The initial data is similar to Pr. tr. 1, 2. However, external
damping is additionally considered (Table 1.4), where Ab —
dimensionless external damping factor, N-s/m.

12



Table 1.4 — Additional data for Pr. tr. 4

Var. | 1 2 3 4 5 6 7 8 9 | 10
Ab |10]/09/08|07(06|05[04]|03]02]|0.1
Var. | 11 | 12 | 13 |14 | 15|16 | 17 | 18 | 19 | 20
Ab |10]09/08|07(06|05[04]|03]02]|0.1

The calculation technique is as follows:
1) determination of the critical frequency:
— determination of eigenfrequency by formulas (1.1)—(1.6);
2) amplitude and phase-frequency characteristics:
— determination of damping factor by formula (1.12);
— external damping factor, N-s/m:

Ab = m,w.,-Ab; (1.26)
— coefficient of the circulating force, N/m:

q(w) = s bw; (1.27)

— amplitude-frequency response, m:

2

mew-e .
Alw) = V(ce—mew?)2+[(b+AD)w—q(w)]?’ (1.28)

— phase-frequency response, rad:

(b+Ab)w—q(w)
Ce—Mew?
o(w) = ~if @ = wy; (1.29)
(b+Ab)w—q(w)

Co—Mew?

arctg [ Jif w < wg;

n+arctg[ Jif w > wg;

13



3) the dynamic stability of the centrifugal pump rotor:
— calculation of the operating speed by formula (1.8);
— maximum operating speed of the stability loss, rad/s:

wg =2 (1+) wr. (1.30)

Topic 2. Study of rotor dynamics by discrete models of
oscillations

The primary dependencies. Self-oscillation of a rotor
without contact interaction with the stator. Self-oscillating
precession of a rotor under contact with the stator. A
mathematical model of self-oscillations for a floating ring
considering dry friction. Stability and self-oscillations of a
single-mass model considering anisotropy of elastic forces.
Influence of internal viscous friction on dynamics of a horizontal
rotor. Basic approaches to creating discrete models of rotor
dynamics. The traditional discrete multi-mass model. Ways to
consider the gyroscopic moment of inertia in rotor dynamics.
Influence of the gyroscopic moment of inertia on rotor’s critical
frequencies. Shape functions of a 2D beam-type finite element.
Lagrange equations of the 2nd kind for transverse oscillations of
a beam element. Matrix equation of rotor dynamics. Free and
forced oscillations of the rotor’s finite element model.

14



Pr. tr. 5. Self-oscillations of the centrifugal pump rotor

1. Hydrodynamic characteristics of gap seals.

2. Determination of the limiting frequency of the rotor’s self-
oscillations without contact with the stator.

3. Self-oscillations of the rotor under contact with the stator.

4. The dependence of the self-oscillations amplitude on the rotor
speed.

The initial data is similar to Pr. tr. 1, 2, 4. However, the
following additional parameters are introduced (Table 2.1): ho —
the radial gap in the throttle, m; co — initial hydrodynamic
stiffness of the throttling gap, N/m; a — stiffness factor; cc —
contact stiffness between the rotor and the stator, N/m; f —
friction coefficient.

Table 2.1 — Additional data for Pr. tr. 5

ho CO,6 Ce,
Var. 10*3’m 10 a 10% f
N/m N/m
1 0.10 1 0.1 1 0.05
2 0.12 2 0.2 2 0.10
3 0.14 3 0.3 3 0.15
4 0.16 4 0.4 4 0.20
5 0.18 5 0.5 5 0.25
6 0.20 6 0.1 6 0.30
7 0.25 7 0.2 1 0.05
8 0.30 8 0.3 2 0.10
9 0.10 9 0.4 3 0.15
10 0.12 1 0.5 4 0.20
11 0.14 2 0.1 5 0.25
12 0.16 3 0.2 6 0.30
13 0.18 4 0.3 1 0.05
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ho CO23 Ccl,l
Var. 10‘3’m 10 a 10 f
N/m N/m
14 0.20 5 0.4 2 0.10
15 0.25 6 0.5 3 0.15
16 0.30 7 0.1 4 0.20
17 0.10 8 0.2 5 0.25
18 0.12 9 0.3 6 0.30
19 0.14 1 0.4 1 0.05
20 0.16 2 0.5 2 0.10

The calculation technique is as follows:
1) hydrodynamic characteristics of gap seals:

— determination of eigenfrequency by formulas (1.1)—(1.6);

— hydrodynamic stiffness of the throttling gap, N/m:

where r — radial displacement, m;

c(r) = co(

3

1+-«a
4

— maximum stiffness of the throttling gap, N/m:

— initial damping factor, N-s/m:

— damping factor of the throttling gap, N-s/m:

by = mowc,-b;

b(r) = bo(

Crmax = Co (1 + %az);

3712
1+25);
2 hi

(2.1)

(2.2)

(2.3)

(2.4)

2) determination of the limiting frequency of the rotor’s self-

oscillations without contact with the stator:



— critical frequency of the rotor, rad/s:

Wer = /%; (2.5)

— partial frequency of the sliding bearing, rad/s:
Wsp = [ (2.6)

— precession frequency, rad/s:
N = 0.5w; (2.7

— limiting frequency range, rad/s:

2
3 Wg
Wmin = 2Wcr; Wmax = 20cr |1+ 24 (w_ci) ;o (2.8)

3) self-oscillations of the rotor under contact with the stator:
— critical frequency of the rotor under contact with the stator,

rad/s:
Wer = ’Ce'::renax; (29)

— partial frequency of the contact pair, rad/s:

w, = \/;: (2.10)

— the variation of the dimensionless amplitude:

wi-dwha
4w§(1+f%w) ’

da(w) = (2.12)

17



4) the dependence of the self-oscillations amplitude on the rotor
speed:
— amplitude before contact with the stator, m:

A () = Ho@er | @2 4. (2.12)

“‘/E(U_sb 4wgy
— amplitude under contact with the stator, m:

A (w) = hy[1 + da(w)]. (2.13)

Pr. tr. 6. Dynamic stability of the floating seal ring

1. The dynamics of the horizontal rotor under internal viscous
friction.

2. Characteristics of self-oscillating precession of a floating ring
considering dry friction.

3. The stability of a single-mass model considering the
anisotropy of elastic forces.

4. Characteristics of self-oscillating precession of the rotor
considering dry friction.

The initial data is similar to Pr. tr. 1-5. However, the
following additional parameters are introduced (Table 2.2): Ef -
internal viscous friction ratio, N-s/m; mr — mass of the floating
ring, kg; Fn — Nominal clamping force of the floating ring, N.

18



Table 2.2 — Additional data for Pr. tr. 6

Var. 11234 |56 7] 8] 9|10

mr, kg | 03]04/05/06|07/08]03][04[05]06

Fn,
103 N 01/{02|03|{04|05|{06/|07]08]09]0.1

bs 01/02|03]04/01/02|03|04(01]0.2

Var. |11 |12 |13 |14 |15 |16 | 17 |18 | 19 | 20

mr,kg [07/08/03|/04[05]06]07[08]03]|04

Fn 02/03|04|05|06({07|08|09]01]0.2

10® N
bs 03[{04(01(02|03|04/01|02|03/|04

The calculation technique is as follows:
1) the dynamics of the horizontal rotor under internal viscous
friction:
— determination of eigenfrequency by formulas (1.1)—(1.6);
— determination of damping factor by formula (1.12);
— calculation of internal damping factor, N-s/m:
bf = mewcrl_)f; (114)
— damping coefficient, s

k=2, (2.15)

§=2L, (2.16)

— amplitude of the static displacement, m:

19




Ag(w) = ——; (2.17)

)
/w‘C*T+a)262

— phase shift of the static displacement, rad:
ps(w) = arctg (:’—;T) ; (2.18)

— amplitude-frequency response, m:

w?e

As(w) = ; (2.19)
J@h-02) +iz02
— phase-frequency response, rad:
( arctg (wg’:(fwz) Jif w < wg;
¢(w) = ~if @ = wg; (2.20)

krt + arctg (%),if W > Wy;
cr
2) characteristics of self-oscillating precession of a floating ring

considering dry friction:
— friction force, N:

Fr = fFy; (2.21)

— partial frequency of the floating ring, rad/s:

W, = \/% (2.22)

— precession frequency, rad/s:

20



i

N(w) = 05w — bohoaa) (2.23)
where a(w) — the real root of the following equation:
3 2,2 4_1 2 2 2, _F _ .
Jacwsa” —-wat + (a)r + bahe w)a T 0; (2.24)

3) the stability of a single-mass model considering the
anisotropy of elastic forces:
— coefficient of the circulating force at operating speed, N/m:

1
Qo = 5 bowo; (2.25)
— stiffness anisotropy, N/m:
Ac = 64¢,; (2.26)

— maximum stiffness anisotropy, N/m:

Acmax = vV Cg + qg; (2-27)

— determination of signs of the reals parts of all the complex
roots for the following characteristic equation:

m,p* + 2bym,p3 + (b3 + 2com,)p? + (2.28)
+2bycop + (¢ + g3 — Ac) =0, '

where p — operator;

4) characteristics of self-oscillating precession of the rotor

considering dry friction:

— minimum frequency, rad/s:

Ze, (2.29)

Wmin = 2 bo

21



—auxiliary function as a semiaxes ratio for the elliptical
trajectory for the phase shift of % rad:

Y(w) = /‘;’;‘:ﬁ (2.30)

— precession frequency, rad/s:

2(w) = 050 11‘1’;(“(2) (2.31)

Pr. tr. 7. Dynamic analysis of a discrete-mass model
considering the gyroscopic moment of inertia

1. Determination of the gyroscopic moment of the disk.

2. Determination of eigenfrequencies.

3. Clarification of eigenfrequencies considering the gyroscopic
moment of inertia.

The initial data is similar to Pr. 1. However, the width of
the disk is additionally considered: B =pL, where f —
dimensionless ratio (Table 2.3).

Table 2.3 — Additional data for Pr. tr. 7

Var. 1 2 3 4 5
S 10.005|0.010 | 0.015 | 0.020 | 0.025
Var. 6 7 8 9 10
S 10.030 | 0.035 | 0.040 | 0.005 | 0.010
Var. | 11 12 13 14 15
S 10.015 | 0.020 | 0.025 | 0.030 | 0.035
Var. | 16 17 18 19 20
S 10.040 | 0.005 | 0.010 | 0.015 | 0.020
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The calculation technique is as follows:
1) determination of the gyroscopic moment of the disk:
— diameter of the disk, m:

Dzzfgg (2.32)

— the gyroscopic moment of the disk, kg-m?:

_ moDZ _ moBZ i
la==3 12’ (2.33)

2) determination of eigenfrequencies:
— calculation of the cross-sectional moment of inertia formula
(1.3);
— bending stiffness of the cantilever shaft, N/m:
c=%, (2.39)

L3’

— eigenfrequency of the simplified single-mass model, rad/s:
Wer = [—; (2.35)

— calculation of the shaft mass by formula (1.1);
— inertia matrix:

3—2m5 +my, - —21110 mgL
M = 1 A . | (2.36)
——mgL —mgl
210 105

— stiffness matrix:

23



4c  —2cL
C=l-2eL e (2:37)

—the first two eigenfrequencies w1, w2, rad/s, are determined
from the following characteristic equation:

det(C — w?M) = 0; (2.38)

3) clarification of eigenfrequencies considering the gyroscopic
moment of inertia:
— the compliance coefficients:
1 1? L

011 = ;;512 =0, = 5}522 = e’ (2.39)
—according to the traditional model, the first two
eigenfrequencies w1, w2, rad/s, are determined from the
following characteristic equation:

My w? —1 136,02

det
Id621(l)2 Id522w2 -1

=0;  (2.40)

—according to the finite element model, the first two
eigenfrequencies w1, w2, rad/s, are determined from the
characteristic equation (2.38), where the inertia matrix is
clarified as follows:

gms + my —%msL
M = no L 24 ; (2.41)
~ 270 Ms Tos MsL™ +1a

24



Pr. tr. 8, 9. Application of the finite element method to study
free and forced oscillations of rotor systems. Analysis of the
finite element models of free and forced rotor oscillations using
computer algebra systems

1. Determination of local matrices of inertia and stiffness.

2. Determination of global matrices of inertia and stiffness.

3. Evaluation of eigenfrequencies of free oscillations.

4. Comparison of the first eigenfrequency with the result for a
single-mass model.

5. Mode shapes of free oscillations.

6. Amplitude and phase-frequency responses.

7. Shapes of forced oscillations.

The initial data is similar to Pr. tr. 1, 2, 4. The calculation
technique is as follows:
1) determination of local matrices of inertia and stiffness:
— calculation of the finite element length for the system of two
finite elements, m:

Le=3L; (2.42)

— calculation of shaft mass by formula (1.1);
— calculation of the finite element mass for the system of two
finite elements, kg:

1

me = -mg; (2.43)

— determination of the cross-sectional moment of inertia by
formula (1.3);
— local matrix of inertia for each finite element:

25



r 13me 11meLe IMe 13meLer
35 210 70 T 420
11mele  Mmel3 13melLe _ mLLé
M = 3711(: 13125% 1%31(1)6 1111‘:1L2Le ; (2.44)
70 420 35 T 210
13melLe mel2 11meLe mel2
L 420 T 140 210 105 -

— local matrix of stiffness for each finite element:

- 12E1 6EI 12EI  6EI -
3 T2 T3 T2z
Le Le Le Lg
6EI 4EI 6EI 2EI
L3 Le L% Le
¢= 12E1 6EI  12EI 6EI |’ (2.49)
Le Le Ly LE
6EI  2EI 6EI 4EI
L L2 L, Lz Le

2) determination of global matrices of inertia and stiffness:

My, - 0 Ci1 = O

My=| 1+t =~ i |;¢=: = i|;(246)

0 o My, 0 - Cyy

3) evaluation of eigenfrequencies of free oscillations w1, w2, and

w3, rad/s, is realized by solving the following characteristic
equation:

det(C; — w?M,) = 0; (2.47)
4) comparison of the first eigenfrequency with the result for a
single-mass model:

— calculation of the equivalent mass of the rotor by formula
(1.2);

26



— calculation of the bending stiffness of the simply-supported
shaft by formula (1.4);

— determination of the equivalent stiffness of the system “rotor —
bearings” by formula (1.5);

— evaluation of the eigenfrequency by formula (1.6);

5) mode shapes of free oscillations are determined using the
following matrices:

D; = C; — wM,; Dy = C; — w3M,; Dy = C, — w3Mg;(2.48)

6) amplitude and phase-frequency responses:

— determination of damping factor by formula (1.12);

— determination of external damping factor by formula (1.26);
— local matrix of damping:

Ab/2 0 0 0
o o o 9o
=10 o Ab/2 0|’ (2.49)
0 0 O 0
— global matrix of damping:
CLRR
By=|: - |5 (2.50)
0 0
— global column-vector of imbalances:
0
0
mpe
0
0



— global column-vector of complex displacements:
Y(w) = (C, + jwB — w2M) ' Dyjw?,  (252)

where j — imaginary unit (j2 = —1);
— amplitude-frequency response:

A(w) = [Yo(w)sl; (2.53)
— phase-frequency response:
A(w) = arg[Y (w)s]; (2.54)
7) shapes of forced oscillations:

[Yo(w)4l;
Yo(w) = 4 Yo (w)sl; (2.55)
[Yo(w)s].

Topic 3. Fundamentals of balancing rotors for centrifugal
machines

Conditions of rotor’s dynamic equilibrium. Types of
unbalances. Equivalent systems of imbalances. The concept of a
rigid rotor. Quality criteria in rotor balancing. Static balancing
of a rotor. Dynamic balancing of a rotor. The phenomenon of
unbalance for a rotor balanced in two correction planes at low
frequency. The decomposition of a synchronous precession for
an unbalanced rotor by mode shapes of free oscillations. Rotor
balancing by mode shapes. The Den Hartog’s approach in rotor
balancing.
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Pr. tr. 10. Static balancing of a disk

1. Calculation of trial imbalance.
2. Evaluation of unbalanced mass.
3. The quality of the balancing procedure.

The initial data is similar to Pr. tr. 1, 7. However, the
following additional parameters are introduced (Table 3.1): p1 —
disk rotation angle, °.

Table 3.1 — Additional data for Pr. tr. 10

Var. 1 12 3 ]4 |56 ] 71819110

p1,° | 15120 | 25 |30 | 35 | 40 | 45 | 50 | 55 | 15

Var. |11 |12 |13 |14 |15 |16 |17 |18 |19 | 20

p1,° | 20 |25 |30 [ 35|40 |45 |50 |5 |15 |20

The calculation technique is as follows:
1) calculation of trial imbalance:

— diameter of the disk, m:
D= 3/%‘; ; (3.1)

w, = T, (3.2)

— balancing speed, rad/s:

— balancing radius, m:
; (3.3)
— trial mass, kg:
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m, = 0.02 222, (3.9)

wbrb

2) evaluation of unbalanced mass, kg:

__me
M = 9o’ (35)

3) the quality of the balancing procedure, %:

8y = |1 ———=—|- 100. (3.6)

mp sin(@q)

Pr. tr. 11. Dynamic balancing of the rotor in two
correction planes

1. Calculation of trial imbalance.

2. Evaluation of the system of equivalent imbalances.
3. Determination of residual imbalance.

4. Calculation of the amplitude of forced oscillations.
5. Evaluation of dynamic load on bearing supports.

The initial data is similar to Pr. tr. 1, 7, 10. However, the
following additional parameters are introduced (Table 3.2): Auo,
Az — amplitudes of initial displacements, m; @10, ¢20 — phases of
initial displacements, °; Au, A21 — amplitudes of initial
displacements after 1st start, m; ¢11, @21 — phases of initial
displacements after 1st start, °; A1z, A2 — amplitudes of initial
displacements after 2nd start, m; @12, p22 — phases of initial
displacements after 2nd start, °.
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Table 3.2 — Initial data for Pr. tr. 11

Var. 1-4 | 5-8 | 9-12 | 13-16 | 17-20
Aw,10°m | 140 | 145 | 150 155 160
®10, ° 20 25 30 35 40
A, 10°m | 150 | 155 | 160 165 170
®20, ° 5 10 15 20 25
Ai1,10°m | 138 | 143 | 148 153 158
o11, ° 25 | 30 35 40 45
Az, 10°m | 147 | 152 | 157 162 167
@21, ° 0 5 10 25 30
A2, 10°m | 143 | 148 | 153 158 163
012, ° 15 | 20 25 30 35
A, 10°3m | 145 | 150 | 155 160 165
®22, ° 10 15 20 25 30

The calculation technique is as follows:
1) calculation of trial imbalance:
— determination of trial mass by formulas (3.1)—(3.4);
— trial imbalance, kg-m:

Dy = myrp;

2) evaluation of the system of equivalent imbalances:
— initial complex amplitudes:

n‘»ol()j 77'-<»020]'
Y10 = AlOe 180 7 ; YZO = Azoe 180 7 ;

— complex amplitudes after 1st start:

P11 P21
180

Yi1 = Aqqe J: Y51 = Az e 180 }F

— complex amplitudes after 2nd start:
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P12

P1 i 7T<P22j
le = Alze 180 7/ ; Y22 = Azze 180 7 ;

(3.10)

— elements of the matrix of complex compliances, m/(kg-m):

Y11-Y10 Y12-Y10

W,, = w,, = ;

11 Dy ) 12 Dy )

Y21-Y20 Y22—Y29

Wy = ; Woy = ;
D¢ D¢

— evaluation of complex imbalances, kg-m:

{Dl}: Wi W12]_1{Y10}_
DZ W21 W22 YZO ’

— correcting imbalances:
Dy1 = —=D1; Dy = —Dy;

— magnitudes of the correcting imbalances, kg-m:

|Dps| = \/Rez(Dl) + Im2(D,);
IDps| = +/Re2(D,) + Im2(D,);

— balancing masses, kg:

__ | Dp1l __ |Dpal
Mmp1 = T My, = )

— phases of the correcting masses, °:

180 180
¢p1 = —arg(Dp1); @pz =—arg(Dp,)

3) determination of residual imbalance:
— complex residual imbalances, kg m:
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ADl == D10 + Dbl; ADZ = DZO + Dbz;

— magnitudes of the residual imbalances, kg-m:

|AD;| = \/Re2(AD;) + Im2(AD,);
|AD,| = \/ReZ(AD,) + Im2(AD,);

— phases of the residual imbalances, °:
180 180
Ap, =—arg(ADy); Ap, =—arg(AD,);

4) calculation of the amplitude of forced oscillations:
— maximum amplitude before balancing, m:

2
A _ max(|Dyol,|Dz0l)-w}, |
max — )

2¢s—mow?
— maximum amplitude after balancing, m:

max(IADll,lADzl)-aulz7 .

)

Aoy =

2cs—mow?

5) evaluation of dynamic load on bearing supports:
— dynamic load ratio before balancing:

_ max(|Dyol,ID20 )0} .
kg = ;

mog

— dynamic load ratio after balancing:

max(|AD4|,|AD,|)-w?
Aky = LIED2D b

mog
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Pr. tr. 12, 13. Virtual balancing of a rotor

1. Determination of eigenfrequencies and mode shapes of free
oscillations.

2. Forced oscillations of the rotor at the operating frequency
before balancing.

3. Rotor balancing by the first mode shape.

4. Balancing at the second mode shape.

5. Forced oscillations of the rotor at the operating frequency after
balancing.

6. Application of the linear regression formula.

The initial data is as follows: operating speed —
No = 9000 rpm; density — p = 7850 kg/m?; Young’s modulus —
E =2.1-10* N/m?; trial imbalance — Dt = 510 kg-m.

The following calculation technique is realized for the
simply-supported rotor by the application of the finite element
analysis using the computer-algebra system:

1) determination of eigenfrequencies and mode shapes of free
oscillations:

— evaluation of the first two eigenfrequencies w1 and w2, rad/s;
2) forced oscillations of the rotor at the operating frequency
before balancing and choosing three correction planes:

3) rotor balancing by the first mode shape:

—evaluation of the complex amplitude on the 2nd correction
plane before balancing Yoz, m;

—evaluation of the complex amplitude on the 2nd correction
plane after balancing at the 1st mode shape Y12, m;

— calculation of the phase shift for the 1st mode shape:

@12 = arg(Yzo); (3.24)

— calculation of the 1st mode shape factor:

34



Ny = —2—; (3.25)

Y12—Yo2 '’

— determination of the imbalance, kg-m:

nP12 .

Dp1z = N1 Dpe1s0 7 (3.26)

— the magnitude of the imbalance:

IDp12] = +/Re2(Dyy3) + Im2(Dyy5); (3.27)

— phase of the imbalance, °:

180
Pv1z = arg(Dp12) ; (3.28)

4) balancing at the second mode shape:

—evaluation of the complex amplitude on the 1st and 3"
correction planes before balancing Yo1, and Yos, m, respectively;
—evaluation of the complex amplitude on the 1st and 3rd
correction planes after balancing at the 2nd mode shape Y21, and
Y23, M, respectively;

— calculation of the phase shift for the 2nd mode shape:

®21 = arg(Yo1) = arg(Yos); (3.29)
— calculation of the 2nd mode shape factors:

Y( Yo3

N1 = = N23 = ; (3.30)

Y21-Yo1’ Y23—Yo3 '

— determination of the imbalances, kg-m:

P21

Dpy1 = N21Dce 180 5 Dyo3 = N3Dce 180 5 (3.31)

— magnitudes of the imbalances:
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|Dp21l = Re2(Dpz1) + Im2(Dpyy);
|Dpasl = Re2(Dpz3) + Im2(Dpys);

(3.32)

— phases of the imbalances, °:

180 180
Pp21 = Targ(Dbn); Pp23 :Targ(DbB); (3.33)

5) forced oscillations of the rotor at the operating frequency after
balancing:

— evaluation of the maximum displacement after balancing, m;
6) application of the linear regression formula:

— column-vector of displacements variations, m:

Yis = Yo1
AY = {Yi2 — Yoz, (3.34)
Yiz — Yo3

where Yo1, Yoz, and Yoz — complex displacements before
balancing, m; Yi1, Yi2, and Yis — complex displacements at i-th
mode shape, m;

— calculation of the i-th mode shape factor:

n; = (AYTAY)TAYTY,, (3.35)
where Yo ={Yo1, Yoz, Yos}' — column-vector of displacements
before balancing, m;

— calculation of the phase shift for the i-th mode shape:
@i = arg(Yo,) = arg(Yor) = arg(Yoz);  (3.36)
— determination of the imbalance, kg-m:

Ty .
Dy; = n;Detso’; (3.37)
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— the magnitude of the imbalance:

Dyl = /Re?(Dp;) + Im?(Dy;); (3.38)

— phase of the imbalance, °:

Ppi = %arg (Dp:). (3.39)

Topic 4. Parameter identification of mathematical models of
rotor dynamics

Simple algebraic models. A generalized algebraic model.
Non-algebraic models. A single experiment. A series of
experiments. An implicit model. Linear parameter
identification. Linear regression formula. Balancing by the
calculation model of rotor dynamics. Practical balancing of a
flexible rotor on the operating frequency. Application of the
linear regression formula for balancing a flexible rotor by the
Den Hartog’s approach. Application of the linear regression
formula for balancing a flexible rotor by mode shapes.

Pr. tr. 14, 15. Practical balancing of the flexible rotor
at operating frequency. Balancing of flexible rotors
by Dan Hartog’s approach

1. Forced oscillations of the rotor before balancing.

2. Determination of corrective imbalances.

3. Forced oscillations of the rotor after balancing.

4. Determination of amplitudes and phases of dynamic
deflections after balancing.
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The initial data is as follows: the 1st operating speed —
ny = 7500 rpm; the 2nd operating speed — nz =9000 rpm;
density — p=7850kg/m3  Young’s modulus —
E =2.1-10' N/m?; trial imbalance — Dy =5-10"* kg-m.

The following calculation technique is realized for the
simply-supported rotor by the application of the finite element
analysis using the computer-algebra system:

1) forced oscillations of the rotor before balancing:

— choosing a number of correction planes v;

— evaluation of complex displacements before balancing Y,y'~,
m, where a — number of measuring plane;

2) determination of corrective imbalances:

— consequent setting trial imbalances, kg -m;

—evaluation of complex displacements Y, m, where i —
number of correction plane;

— evaluation of complex compliance coefficients, m/(kg-m):

<v> <v>
Y, Yoo

Wai” = #—"2; (4.1)
t
— building matrices of complex compliance coefficients:
W, = (W3 ]; (4.2)

— building the total matrix of complex compliance coefficients:
W = [W]; (4.3)

— evaluation of the column-vector of imbalances, kg-m:
D, = WTwW)~twTy,, (4.4)

where Yo ={Yo1, Yoz, Yoz}’ — column-vector of displacements
before balancing, m;
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— calculation of magnitudes and phases of the imbalances by
formulas (3.38) and (3.39);

— application of the corrective imbalances, kg-m;

3) forced oscillations of the rotor after balancing:

— evaluation of complex displacements after balancing AY;~V>,
m;

4) determination of amplitudes and phases of dynamic
deflections after balancing:

— amplitudes of the complex displacements after balancing:

|AYV>| = JRe2(AY;Y) + Im?(AY;Y>);  (4.5)

— phases of the complex displacements after balancing, °:

Ap, = %arg(AYCf”). (4.6)

Pr. tr. 16. Nonlinear oscillations of a rotor

1. Estimation of discrete masses.
2. Harmonic analysis of a nonlinear discrete model.
3. Dynamic stability of the rotor.

The initial data is density p = 7850 kg/m?, and Young’s
modulus E = 2.1-10'! N/m?,

The following calculation technique is realized for the
simply-supported rotor by the application of the finite element
analysis using the computer-algebra system:

1) estimation of discrete masses:

— choosing a number of single masses N;

—evaluation of the complex compliance coefficients di
i,1=1,2,...,N), m/N;

— evaluation of the first N eigenfrequencies w, (v =1, 2, ..., N);
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— evaluation of the first N mode shapes U;~"7;
— evaluation of the auxiliary parameters, s2:

Zy = 3, (4-7)

— evaluation of the following components:
K3~ = 6,075 67 = 2,U7"; (4.8)
— forming of the following matrix and column-vector:
K =[K="];C =[C="]; (4.9)
— evaluation of the column-vector of discrete masses:
m = (KTK)~1K"C; (4.10)

2) harmonic analysis of a nonlinear discrete model:
— formation of the system of nonlinear equations for rotor’s
forced oscillations:

{xi = YiL1 6i1Fix; (4.11)

— \'N
Vi = Xi=10i1Fy
where Fix, Fiy — components of linear and nonlinear forces, N;

3) dynamic stability of the rotor is checked by the Routh—
Hurwitz criteria.

40



References

1. Pavlenko I. Dynamic analysis of centrifugal machines rotors
with combined using 3D and 2D finite element models /
I. Pavlenko, V. Simonovskiy, J. Pitel, M. Demianenko. —
Ludenscheid : RAM-Verlag, 2018. - 156 p.
(https://cutt.ly/ucUdIvY)

2. Karintsev |. B. Hydroaeroelasticity / |. B. Karintsev,
I. V. Pavlenko. — Sumy : Sumy State University, 2017. — 235 p.
(https://essuir.sumdu.edu.ua/bitstream/123456789/63399)

3. Pavlenko I. V. Dynamic analysis of centrifugal machines
rotors supported on ball bearings by combined application of 3D
and beam finite element models / 1. V. Pavlenko,
V. I. Simonovskiy, M. M. Demianenko // 0P Conference
Series: Materials Science and Engineering, 2017. — Vol. 233(1),
012053 (https://doi.org/10.1088/1757-899X/233/1/012053)

4. Simonovskiy V., Pavlenko 1., Pitel J., Stremoukhov D.,
Ivanov V. (2021) Methods and Algorithms for Calculating
Nonlinear Oscillations of Rotor Systems. In: lvanov V.,
Pavlenko 1., Liaposhchenko O., Machado J., Edl M. (eds)
Advances in Design, Simulation and Manufacturing V.
DSMIE 2021. Lecture Notes in Mechanical Engineering.
Springer, Cham, Vol. 2, pp. 63-74 (https://doi.org/10.1007/978-
3-030-77823-1_7)

5. Pavlenko 1., Savchenko 1., Pitel J., lvanov V., Ruban A.
(2022) Diagnostics of the Rotor-Stator Contact by Spectral
Analysis of the Vibration State for Rotor Machines. In:
Tonkonogyi V., Ivanov V., Trojanowska J., Oborskyi G.,
Pavlenko 1. (eds) Advanced Manufacturing Processes III.
InterPartner 2021. Lecture Notes in Mechanical Engineering.
Springer, Cham, pp. 521-534 (https://doi.org/10.1007/978-3-
030-91327-4 51)

41


https://cutt.ly/ucUdlvY
https://essuir.sumdu.edu.ua/bitstream/123456789/63399
https://doi.org/10.1088/1757-899X/233/1/012053
https://doi.org/10.1007/978-3-030-77823-1_7
https://doi.org/10.1007/978-3-030-77823-1_7
https://doi.org/10.1007/978-3-030-91327-4_51
https://doi.org/10.1007/978-3-030-91327-4_51

Hapuanpne BUJaHHA

IMaBaenko IBan Bomogumuposuu

JMHaMiKa pOTOPHHX MAIIMH
[IpakTuyni podoTH
(enekTpoHHE BUIAHHS)

MeroanyHi BKa3iBKU

(AHTITIHCBKOIO MOBOIO)

BinnosiganeHuii 3a Bunyck A. B. 3aropyinbko
Komn’rorepue Bepcranns I. B. [TaBnenko

[Tianucano no npyky . .2022. ®opmar 60x84/16.
[Tanip odceTHMil.
Ywm. apyk. apk.:  , . OO BUA. apK..

Haknan:  mpum.
Bun. Ne . 3amosin. Ne

Bupgasens 1 BUTOTOBIIIOBAY
CyMCbKHit epKaBHUN YHIBEPCUTET,
ByJ1. Pumcekoro-Kopcakoga, 2, m. Cymu, 40007, Ykpaina.
Cainourso cy6’exta BugaBauuoi cnpasu JIK Ne 3062 Bifg
17.12.2007.



